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Thank-you for the invitation to speak!

Local cohomology has applications to Cosmology and String
Theory, and it is one of the most active research areas in
Commutative Algebra.

Little is known about local cohomology modules.
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Background

Local cohomology modules
Localization

Local cohomology modules

e R = commutative Noetherian ring with 1
e ] =idealin R

e M=R-module (may or may not be Noetherian or finitely
generated)

e j = non-negative integer

The jth local cohomology module of M with support in [ is
defined as the following direct limit of Ext modules:

H{(M) = lim Ext(R/I', M).

KUMUNUjr 2017

R,

Ashley K. Wheeler Local cokt logy over Stanley-Rei: rings




Background

Local cohomology modules
Localization

It is the right derived functor of HY(?):
HY(M) := U Anny, I
t
={u € M | ul" = 0 for some ¢}

= lim Homp(R/I', M)(= lim Ext(R/I*, M))

the global sections of the sheaf M with support on the closed
subscheme Spec R/I C Spec R.
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Background

Local cohomology modules
Localization

H}(M) measures the obstruction to extending a section of a sheaf
to a global section; put X = Spec R and U = X \ Spec(R/I)

0— HY(M)— H°(X,M) — H(U, M|y) — Hiy (M) =0

If (R, m) is a local ring and M is finite generated, then HL(M)
can detect regular sequences, compute depth, and reveal the
Cohen-Macaulay and Gorenstein properties.
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Background

Local cohomology modules
Localization

In practice, H}(M) is the jth cohomology module of the Cech
complex

0—>M—>@Mf %@Mﬁf] "—>Mf1~~fs_>0
1<J

where:
o f1,...,fs € R generate I up to radical

e given any f € R and any R-module N, Ny = N ®g Ry, and
Ry = R[f] is the localization of R at f

e the maps in the complex are the natural localization maps u — 7
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Background

Local cohomology modules
Localization

Localization

Localizing at a prime ideal gives the stalk at a point in the
Zariski topolgy:

Spec R = {prime ideals in R} < topological space
V(J) = {primes containing the ideal J} <« its closed sets
= Spec R/J

R localized at P is given by Rp = R |1 | f R\P]
and Np = N®gr Rp
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Background

Local cohomology modules
Localization

Localization is flat; as a result, many questions can be reduced to
the local case (local-global principle).

(statement about an R-module N is true)
=

(same statement about Np is true for all P € Assg N)

Assg N = assassinator of NN, set of all primes associated to N

P is associated to N means P = Anng(u), the set of ring elements that
annihilate some element u € N; equivalently, P € Assg N if and only if R/P is
isomorphic to a submodule of N.

Local cohomology is the local-global analogue to sheaf
cohomology.

KUMUNUjr 2017

lov_ R,

Ashley K. Wheeler Local cokt logy over Stanley-Rei: rings




Background

Motivation for the problem Finiteness of associated primes
History of the problem Counterexamples
Our main result. Affirmatives

follows from

Finiteness of associated primes

Our project is motivated by the following:

Question (C. Huneke 1990)

Do the local cohomology modules over a Noetherian ring R have
finitely many associated primes?

(Answer: No.)
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Motivation for the problem Finiteness of associated primes
Counterexamples
Affirmatives

Counterexamples

. . o Z[U,’U,’lU,Z’,y,Z] 3
e A. Singh 2000: R = m = ‘ASSR(H(x,y,z)

Reason: This local cohomology module has p-torsion for all primes p € Z.

R)| =

e M. Katzman 2002:

K[S7 t, u7 U7 x7 y}
(su?a? — (s + t)uvzy + tv2y?)

R= (K = any field)

- |ASSR(H(2I’y)

R)| =0

Also shows torsion for infinitely many ring elements. Unlike in Singh's
example, this ring is local.
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Motivation for the problem Finiteness of associated primes
Counterexamples
Affirmatives

e Singh and I. Swanson 2004: generalized Katzman's results with examples
of normal hypersurfaces

e of characteristic 0 with rational singularities and
e of characteristic p that are F-regular

Are there instances where the answer is yes? (VYes.)
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Motivation for the problem Finiteness of associated primes
Counterexamples
Affirmatives

Affirmatives

e M. Hellus 2001: M = R is Cohen-Macaulay and

° AssR(H(i,’y)R) is finite for every z,y € R

. AssR(H(?’mhzz,y)R) is finite for 1,22 € R a regular sequence and y € R
e T. Marley 2001: (R, m) is local, M is finitely generated and

e dimR <3

e dim R =4 and R is regular on the punctured spectrum (Spec R\ m is

smooth)
e dim R =5, R is unramified, regular, and M is torsion-free

e Marley and J. Vassilev 2002: M is finitely generated and

o dimM <3

e dimR <4

e dim M/IM < 2 and M satisfies Serre’s condition Sqim rr—3

e dim M/IM <3, Anng M =0, R is unramified, and M satisfies

Sdim M—3
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Motivation for the problem Finiteness of associated primes
Counterexamples
Affirmatives

e S. Takagi and R. Takahashi 2008: M = wg, the canonical module of a
Cohen-Macaulay ring of finite F-representation type (FFRT)
— affirmative for M = R Gorenstein of FFRT

e H. Robbins 2014: M = R is a polynomial or power series ring over a two- or
three- dimensional normal domain with an isolated singularity, finitely
generated over a field of characteristic 0

e B. Bhatt, M. Blicklé, G. Lyubeznik, Singh, and W. Zhang (BBLSZ) 2014:
M = R is a smooth Z-algebra
Idea: In the smooth case, p-torsion can be controlled.

Proving anything more broad has been HARD!
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Background Regular in characteristic p

Motivation for the problem Regular local in characteristic O
History of the problem Equicharacteristic
Our main result. Mixed characteristic
follows from Characteristic-free

Regular in characteristic p

Theorem (Huneke and R. Sharp 1993)

Yes, when R is a regular ring containing a field of characteristic
p > 0.

Regular rings are pretty nice...
(regular = complete intersection = Gorenstein = Cohen-Macaulay)
but it's still a fairly broad class of rings.

Why characteristic p?
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Regular in characteristic p

Regular local in characteristic O
History of the problem Equicharacteristic

Mixed characteristic

Characteristic-free

To prove things in characteristic p: use the Frobenius map
F°*:R— R
rs P

e In characteristic p it's a ring map!
(Fé(r+s)=(r+s)? =rP 4+ =F°(r)+ F°(s))
e F°(R) = R as rings

e When R is regular, it is locally free as a module over itself.

Huneke & Sharp: It suffices to show for R local, and so write
R = F¢(R)%P™e (2 R®™Me) as modules.
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Background Regular in characteristic p

Motivation for the problem Regular local in characteristic O
History of the problem Equicharacteristic
Our main result... Mixed characteristic
...follows from Characteristic-free

Then using the Ext definition of local cohomology:
Assp(H}M) = Asspoe () ((H{M)@RFE(R))

= Asspe(g) (lim Extd,(R/I', M) ®p F°© (R))
t

= Asspe(R) (h_r)n ExtJ (R/IP M)®gr FE(R)>

o

= Asspe(n) (1_n; Exthe gy (R/TP° @R F®(R), M®RF"‘(R))>

)

=
e

= Asspe(g) (lim Exthe(R)(Fe(R)/IFe(R), M®p Fe(R))>

Assp (ll_r>n Extd,(R/I, M ®pr R)

= Assp (lim BExt) (R/I)®™e, M)

(s
o (s

lim Ext’, (R/T, M)@’%)

e

N

R (ExtfR(R/I,M))
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Regular in characteristic p

Regular local in characteristic 0
History of the problem Equicharacteristic

Mixed characteristic

Characteristic-free

Regular local in characteristic 0

Theorem (Lyubeznik 1993)

Yes, it is also true for a regular local ring containing a field of
characteristic 0.

Uses the burgeoning theory of D-modules.

Actually proved a stronger result: For R regular containing a field
of characteristic 0, and any maximal ideal m in R, the number of
associated primes of Hj(M) contained in m is finite.
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Regular in characteristic p

Regular local in characteristic O
History of the problem Equicharacteristic

Mixed characteristic

Characteristic-free

J.-E. Bjork 1979: Over a formal power series ring in finitely many variables over
a field of characteristic 0, there exists a class of holonomic D-modules, to
which local cohomology modules belong.

An associated prime in m is the restriction of a prime in the completion Rof R
with respect to m, that is associated to H .(M ®@r R) = H; (M) ®r R.

Cohen's Structure Theorem: R~ R/m[[z1,. ..,z
= Hj(M)®r R = H}(M) is holonomic.

Holonomic modules are semisimple = finitely many associated primes.
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Regular in characteristic p

Regular local in characteristic O
History of the problem Equicharacteristic

Mixed characteristic

Characteristic-free

Equicharacteristic

Later, Lyubeznik somewhat reconciled the characteristic p and 0
cases.

Theorem (Lyubeznik 2000)

For R regular containing a field of characteristic p or 0, and any
maximal ideal m in R, the number of associated primes of H} (M)
contained in m is finite.

The proof reduces to one or the other characteristic, after which
the techniques are different.
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Regular in characteristic p

Regular local in characteristic O
History of the problem Equicharacteristic

Mixed characteristic

Characteristic-free

Lyubeznik: If A is any regular ring containing a field and for all
f € A, the localized rings Ay have finite D-length, then the local
cohomology modules over A all have finitely many associated
primes.

Lyubeznik 1997: Over [a finitely generated algebra over] a formal power series
ring A in finitely many variables over a field of characteristic p, there exists a

class of F-finite F-modules, to which local cohomology modules belong. So

do the localizations Ajy.

An associated prime in m is the restriction of a prime in the completion Rof R
with respect to m, that is associated to H7 . (M ®r R) = H; (M) ®r R.
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Background Regular in characteristic p

Motivation for the problem Regular local in characteristic O
History of the problem Equicharacteristic
Our main result. Mixed characteristic
follows from Characteristic-free
Cohen’s Structure Theorem: R 2 R/m[[z1,...,2x]].

Bjork 1979: The localizations Ry have finite D-length in characteristic 0.

Lyubeznik 1997: The localizations f%f are F'-finite in characteristic p;
F-finite = finite F-length.
finite F-length = finite D-length.
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Background

Motivation for the problem
History of the problem
Our main result...
...follows from

Mixed characteristic

Regular in characteristic p
Regular local in characteristic O
Equicharacteristic

Mixed characteristic
Characteristic-free

Theorem (Lyubeznik 2000)

Also yes, when R is regular local and unramified.

Proof reduces to the known results in equicharacteristic.

Ashley K. Wheeler

lov-Rei

Local c y over Stanley

rings
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Regular in characteristic p

Regular local in characteristic O
History of the problem Equicharacteristic

Mixed characteristic

Characteristic-free

Characteristic-free

Theorem (Lyubeznik 2010)

Affirmative when R is a polynomial ring in finitely many variables
over a field.

This was already known, as a consequence of Bjork’s results. But
this is the first truly characteristic-free proof.

Key ingredient: Updated notion of holonomicity by V. Bavula
(2009).
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Stanley-Reisner rings
T'-spaces
Finite length

Our main result... Rings of differential operators
Holonomicity

Our main result

We use methods very similar to Lyubeznik to show the following:

Theorem (BMW 2015)

If R is a Stanley-Reisner ring over a field and its associated
simplicial complex is a T-space, then the set of associated primes
of any local cohomology module over R is finite.
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Background Stanley-Reisner rings

Motivation for the problem T'-spaces
History of the problem Finite length
Our main result... Rings of differential operators
follows from Holonomicity

Stanley-Reisner rings

e S=K|z1,...,zn], the polynomial ring over a field K
e A = simplicial complex with vertices labelled by the variables =1, ..., 2,

o In = (zi - wiy | {wiy,..., x5, } ¢ A)S is called the face ideal of A over K

K[A] = S/Ia is called the Stanley-Reisner ring of A over K.
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Stanley-Reisner rings
T'-spaces
Finite length

Our main result... Rings of differential operators
Holonomicity

To each face F' € A corresponds a prime ideal Pr generated by
the variables not appearing in F'.

In fact, the minimal primes (minimal in Assg R/(0) with respect
to containment) are in bijection with the facets of A.
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Background Stanley-Reisner rings

Motivation for the problem T'-spaces
History of the problem Finite length
Our main result... Rings of differential operators
follows from Holonomicity

T-spaces

A simplicial complex A is a T-space means for every face F' € A, if
x ¢ F then there exists a facet in A containing F' but not z.

Example

X A= {{m,y},{m,z},{y,z},{w},{x},{y},{z}}

Yy Ia = (2w, yw, 2w, xyz, zYw, x2W, Y2Ww)S
R=S5/Ia
.w B Klz,y, z,w]
< (z,w) N (y,w) N (2, w) N (2,9, 2)

Is (the simplicial complex associated to) R a T-space? (Yes.)
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Background Stanley-Reisner rings

Motivation for the problem T'-spaces
History of the problem Finite length
Our main result... Rings of differential operators
...follows from Holonomicity

Example

A = {z,y}, {z,w}, {2}, {y}, {=}, {w}}

In = (xz, 2w, yz, yw, xYz, xYW, T2W, Y2W)S

y
w
VA
x Klz,y, 2, w]
. _

(z,w) O (2,y)

Is it a T-space? (No.) In fact, a graph is a T-space if and only if
none of its vertices have degree 1.
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Stanley-Reisner rings
T'-spaces
Finite length

Our main result... Rings of differential operators
Holonomicity

Finite length

Consensus says the problem with studying local cohomology
modules is that they are just too big. We want ways to “control”
their size.

Common approach: Construct a filtration of R-submodules

0=Nyg C Ny C --- C NN=N

in such a way that each of the factors N;/N;_1 has finitely many
associated primes.
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Stanley-Reisner rings
T'-spaces
Finite length

Our main result... Rings of differential operators
Holonomicity

We get the result by the containment

Assp(N) C UASSR(Ni/Ni,l),
i
provided the filtration has finite length.

Problem: When N is not finitely generated (e.g., N = H}M) it is
HARD! to prove it has finite length.
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Stanley-Reisner rings
T'-spaces
Finite length

Our main result... Rings of differential operators
Holonomicity

Strategy: Show finite length over a larger ring, an R-algebra. For
example, D.

Lyubeznik 2000: To show local cohomology modules have finite
D-length it is enough to show Ry, for any f € R, has finite
D-length.

consequence of the Cech complex definition of local cohomology

Proving R has finite D-length is still HARD! (recall Bjork's result from
earlier)
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Stanley-Reisner rings
T'-spaces
Finite length

Our main result... Rings of differential operators
Holonomicity

Rings of differential operators

Local cohomology modules are D-modules.

o K = field
e R = K-algebra

e D = D(R;K) is the set of “derivatives” we are allowed to take in R and
coefficients are in the field K; includes multiplication by elements in R

D stands for the ring of operators of R over K. The operators
include multiplication by elements in R
= D is an R-algebra, i.e., D-modules are R-modules.
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Background Stanley-Reisner rings

Motivation for the problem T'-spaces
History of the problem Finite length
Our main result... Rings of differential operators
...follows from Holonomicity
Example
(1) charK =0
— . H °] °]
= Dg = D(S; K) is the Weyl algebra K(z1,...,zn, Bapr e 5o )
— 2} 9
or, as an S-algebra, Ds = S<6:c1 seeo Ban )

(2) charK =p >0
=—> Dy is strictly larger than the Weyl algebra — must include the
divided powers 97 = pi%

(3) R=S/J
— D =D(R;K) = J5, where J(J) denotes the idealizer of J, the
set of operators § € Ds such that §(J) C J
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Background Stanley-Reisner rings

Motivation for the problem T-spaces
History of the problem Finite length
Our main result... Rings of differential operators
follows from Holonomicity
. 1 t
e 0! = K[r1,...,Ti—1,Tit1,. -, Ty)-linear maps ﬁ% : R — R where
k2

t—u

zi — (Y)xi ", called divided powers

. . t
e monomial notation x*9% = ... 22" 9" - .. 9ir

Theorem (BMW 2015)

If R = S/IA is a Stanley-Reisner ring whose simplicial complex is a
T-space then D is generated as an R-algebra by operators of the
form x;0!.

W. Traves 1999: § = 2,0 = 6 €D
We show: T-space = the converse
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Stanley-Reisner rings
T'-spaces
Finite length

Our main result... Rings of differential operators
Holonomicity

Holonomicity

Lyubeznik modified and applied Bavula's definition of holonomicity
to characteristic-freely prove the local cohomology modules over a
polynomial ring over a field have finitely many associated primes:

Dg has a filtration of K-vector spaces K = Fy C F1 C --- where
for each j € Z>,
Fi=K {x*" a1+ +an+t1+-t, <j},

called the Bernstein filtration.
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Background Stanley-Reisner rings

Motivation for the problem T'-spaces
History of the problem Finite length
Our main result... Rings of differential operators
...follows from Holonomicity

Recall: If R = S/J then D = 3%

"fﬁﬂ()

= §; = gives a f||trat|on GoC G C---onD.

For R=S/In, D = R{z;0! | 1 <i <n,t>0)
— G =K - {x*" a1+ Fan+t+- by <
and for each i, a; > t;};

we call §o C G; C --- the Bernstein filtration on R.
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Background Stanley-Reisner rings

Motivation for the problem T'-spaces
History of the problem Finite length
Our main result... Rings of differential operators
...follows from Holonomicity

Definition (Bavula 2009; Lyubeznik 2010; BMW 2015)

A D-module N is holonomic means there exists an ascending chain of
K-modules Ny C Ny C --- (called a K-filtration) satisfying

(ii) forall ¢ and j, §;N; C N4,

such that for all 4, dimg N; < Ci4i™E for some constant C.

Theorem (BMW 2015) J

Every holonomic D-module has finite length.
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Background

Motivation for the problem
History of the problem
Our main result...
...follows from

Theorem (BMW 2015)

Suppose R is a Stanley-Reisner ring over a field and its simplicial
complex is a T-space. Then for all f € R, the localized ring Ry is
holonomic.

Corollary

The local cohomology modules H } M over R have finitely many
associated primes.
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More questions

(1) Does K have to be a field?

(2) Is there an example of a non- T-space where the result fails?

Questions from the audience?

This research was conducted under the supervision of W. Zhang at the 2015
AMS Mathematical Research Communities (MRC) on Commutative Algebra,

which is supported by a grant from the National Science Foundation.
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