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Thank-you for the invitation to speak!

This is joint work with Erick Boniface (NC State), Andrew

Rodriguez (Baruch College), and Sai Sivakumar (University of
Florida).

This project arose from the Georgia Tech REU 2022.
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Let K be an algebraically closed field and X = (x;;) ann x n

matrix of variables.

A principal t-minor of X is a ¢ X ¢ minor whose row and column
indices are the same, i.e., it is symmetric about the main diagonal
of X.

We have a principal ¢t-minor ideal 33 in the polynomial ring

K[X], which is generated by the principal t-minors of X.
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Historically, ideals generated by collections of minors of a generic
matrix have been well-studied, including determinantal ideals and
Pfaffian ideals.

However, not much is known about principal ¢-minor ideals. We
are motivated to study them because of their applications in

algebraic statistics.

In this project, we are particularly interested in Bs.

Theorem (Ene+Qureshi 2013, W 2015)

The ideal B2 is toric, that is, it is prime and generated by

binomials.
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Ideals generated by binomials have applications in integer
programming. More interestingly, the vanishing set of a toric ideal

is a toric variety.

A toric variety is an irreducible variety V' that contains an
algebraic torus as a Zariski open subset, such that the group action

of the torus on itself extends to an action on V.

Toric varieties provide a wide class of non-trivial examples where
various theorems in algebraic geometry can be tested, and much
about their structure can be deduced using techniques in convex

geometry.
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Toric varieties can be defined using a monomial map of an

algebraic torus.

Let A= {my,...,m,} C Z% and define the map

Dy (KT — (K*) C K*
t (™ ™)

where for t = (t1,...,t4) € (K*)? and m = (ay,...,aq) € Z%,
t™ =ttt
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The affine toric variety Y is the Zariski closure in K* of the

image of ® 4, which is its torus.

The projective toric variety X4 is the Zariski closure of the

image of the composition map (which is its torus)

(K*)d P4 K n Ps—l’

where 7 is the quotient map n : K* — (K*\ {0})/K* = Ps~L.
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Since By is homogeneous, the algebraic set V' (P2) can be viewed
as an affine or projective toric variety. In this talk we will mainly

regard V (*B2) as an affine toric variety.

We first find the finite set A of integer vectors that gives the

correct monomial map to define V' (Ps).

To do this we need to know how to find the defining ideal for an

affine toric variety Y.

8/20



Let L denote the kernel of the map

dy:7° -7

e;, — m;

and let B = {b!,...,b"} be a basis for L.

Then the defining ideal for Yy is

<Haz fo bi b{,...,bg)eB>:<x1..-x5>°0.

b!>0 b/ <0

If I(Yy) is homogeneous then I(Y,) = I(X,4).
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Notation

For vectors in ("5') dimensions, we use the indexing 11,12, ...,

1n,22,...2n,...,nn for the components and for vectors in n?
dimensions we use the indexing 11,12,...,1n,21,22,...,2n,31,

.,nn.

Proposition (BRSW)

I(Yfln) = I(XAR) = &Bg, Where

An={e; |1 <i<j<n}

n+1
Ufes—eij+ej;|1<i<j<ntcz()

v

10/20



Example

For n = 2 we have Ay = {e11,e12,€22,€11 — €12 + ex} C Z3 and

the monomial map
Dy, (K*)? — (K*)* C K*
(t11,t12, t22) (t11,t12,t22,t11t1_21t22)-

The kernel of &, is L = Z{(1,—1,—1,1)} and

I(Yy,) = (zr1222 — T12221) : (X11212221222) " = Po = I(X 4, ). )
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Cones

So far we have two ways to describe an affine toric variety in K*:

@ V(I)C K?* for some toric ideal I C K|[z1,...,xs| and

@ Yy for some finite set A C Z2.

We now illustrate a third way to describe an affine toric variety,

using cones.
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The torus T'=im(®,4) C Y, comes equipped with dual lattices
M =ZA and N = Homy(M,Z), both with rank equal to dim 7.

M is the character lattice of T', consisting of the group of group
homomorphisms x™ : T'— K* for m € M.

N is the group of one-parameter subgroups of T', the group of
group homomorphisms A" : K* — T for u € N. We have

N ®z K* =T via the map u®t +— A"(¢) and thus it is customary
to write T' = T.
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An affine toric variety can also be described as Spec K[S,] for

some rational polyhedral cone 0 C Ng = N ®z R.

S, =0 N M, where ¢V is the dual cone of o,

V={meM®zR| (m,u) >0 for all u € o}.

K[S,] C K[zF!,... 25" is the K-subalgebra generated by

monomials whose exponent vectors are in S.
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Theorem (BRSW)
Let

o, = cone(A,) = Z Amm ’ Am >0 forallm e A,

meA,

\

V)V is strongly convex and rational. Therefore,

Then o, = (o

Spec K[Sy,,] is normal.

To show Y, = Spec K[S,, ] we need one more ingredient.
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A Hilbert basis H for S, is a unique finite subset that minimally

generates the semigroup S, .
A Hilbert basis for S, exists when o is full-dimensional.

In that case, Y3 = Spec K[S,] and Yo € KU is the most
efficient affine embedding of Spec K[S,].
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Theorem (BRSW)
If o)/ = cone(A,) then o, = (0,/)" = cone(B,,), where
BTL = ?:13% and

B%Z{eiﬂrZe

ecE

By = {e11,e11 + e12,€2, €12 + €x}. I

It can be shown that dimo,, = (”;rl) and so S,, has a Hilbert

n+1
EC{eu,...,ei 14,€441..- ,ein}} C z("2")

basis.
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Theorem (BRSW)
A, is the Hilbert basis for S, . Therefore, Yy, = Spec K[S,,,].

While we have not yet proved that B,, is the minimal generating
set for o, (which can then be used to determine whether Yy is
smooth), the vectors in B,, appear again in the facet presentation

of the polytope associated to the projective toric variety X4, .
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We also explored the projective toric variety X 4, . We

@ showed the dimension of the lattice polytope P, associated to
. n+1
Xy, is equal to ("57) — 1.
@ computed the normal fan to the lattice polytope P,. As a
consequence we found X 4, is normal, separated, and
compact.

Z12

x22

T11
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Q: Is Yy, smooth?

Evidence (Macaulay2) shows that B,, is the minimal generating set
for the cone o,. If this is true, then it implies Yy is not smooth.

Once we verify this, we would like to find the singularities of Yy .

Thank-you!

20/20



